Casimir interaction with an 1/r-dependence by Sernelius, Bo E.
ar
X
iv
:0
80
6.
20
62
v1
  [
co
nd
-m
at.
oth
er]
  1
2 J
un
 20
08
Casimir interation with an 1/r-dependene
Bo E. Sernelius
Division of Theory and Modeling, Department of Physis,
Chemistry and Biology, Linköping University, SE-581 83 Linköping, Sweden
∗
We show that in theory it is possible to obtain a Casimir interation potential that varies with
distane as 1/r. We ahieve this by invoking hypothetial partiles having a harmoni osillator
interation potential. The derivation parallels the derivation of the Casimir-Polder interation be-
tween atoms in eletromagnetism.
PACS numbers: 03.70.+k, 05.40.-a, 71.45.-d, 14.80.-j, 34.20.-b
I. INTRODUCTION
Johan Diderik van der Waals found by studying the
equation of state for real gases that there is an attra-
tive fore between the gas atoms. The fore is still there
even if the atoms have losed eletron shells. He was
awarded the Nobel Prie in 1910 for this and related
work. The van der Waals (vdW) fore was found on em-
pirial grounds and it was not until 1930 that London
1,2
gave a realisti explanation for this fore. This fore is
of eletromagneti origin and is aused by utuations
in the eletron density within the atoms. It is alled a
dispersion fore. This fore is long range and has the dis-
tane dependene, r−7; the interation potential varies
as r−6. Later Casimir and Polder3 realized that if the
distane is large enough the nite speed of light makes
the fore drop o faster, as r−8; the interation potential
varies as r−7. Both in the van der Waals range and in
the Casimir limit the fore is due to utuating dipoles.
For smaller separations also higher order multipole on-
tributions appear and the distane dependene beomes
more omplex. The interation potential an be obtained
as the sum of the zero-point energy of all the eletromag-
neti normal modes
4
of the system. One an divide the
modes into two ategories: one that originates in the
atoms; one that originates in the surrounding vauum.
The rst (seond) type dominates in the vdW (Casimir)
region. The Casimir-Polder potential is obtained
4
as
VCP (r) = − ~pir6
∞∫
0
dωα1 (iω)α2 (iω) e
−2ωr/c[
3 + 6 (ωr/c) + 5 (ωr/c)
2
+2 (ωr/c)
3
+ (ωr/c)
4
]
,
(1)
where αj (ω) , j = 1, 2 is the polarizability of atom j.
This expression is valid in both the vdW and Casimir
ranges. In the vdW region we have
VvdW (r) ≈
ωr/c→0
− 3~
pi
1
r6
∞∫
0
dωα1 (iω)α2 (iω)
= − 3~2 α1(0)α2(0)r6 ω1ω2ω1+ω2 ,
(2)
where we in the last step have used the so-alled Lon-
don approximation
1,2
for the atomi polarizabilities,
αj (iω) ≈ αj (0)
/[
1 + (ω/ωj)
2
]
. In the Casimir range
we have
VC(r) ≈
r→∞
−23~c
4pi
[α1 (0)α2 (0)]
1
r7
. (3)
Similar fores at between marosopi objets. Also
here they are alled vdW and Casimir fores. The
fores between spherial objets behave just as between
two atoms and the polarizabilities are now the ones for
spheres. Finite objets, whatever the shape behave as
spheres if the separation is large enough. If the separa-
tion is not large enough the distane dependene of the
fore depends on the geometrial shapes of the objets
and the material the objets are made of. It depends
on the dispersion of the modes in the objets and in the
medium surrounding the objets.
In Casimir's famous work
5
from 1948 he studied an
idealized system of two parallel perfetly reeting metal
plates. In this situation there are no metal bulk modes or
metal surfae modes involved at all; only vauum modes
ontribute to the interation and fore. This means that
there are no vdW range. The Casimir result is valid at
all separations, d, between the plates. He found:
VC(r) = −~cpi
2
720
1
d3
, (4)
for the interation potential and
FC(r) = −~cpi
2
240
1
d4
(5)
for the fore. In vauum there are only transverse modes
with dispersion ω = cq. If the vauum is replaed by
a purely dieletri medium there are still only transverse
modes but their dispersion is dierent, ω = c˜q, where c˜ is
the speed of light in the medium. The only eet on the
interation potential and fore is that the speed of light in
vauum is replaed by the speed of light in the medium.
However, the purely dieletri medium is an idealization.
In any real medium there are both transverse and longi-
tudinal modes and the fore beomes more omplex. If
the idealized perfetly reeting metal plates in Casimir's
thought experiment is replaed by plates of real metals
there is a vdW range for smaller distanes, smaller than
approximately c/ωpl, where ωpl is the plasma frequeny
2of the metals. In this range the interation potential
6
(fore) varies as d−2 (d−3 ).
A related problem where we learly see the eet of the
dispersion of the normal modes of the objets is two par-
allel 2D (two-dimensional) metal sheets. For a 2D metal
sheet there are no bulk modes or surfae modes. The
modes are 2D plasmons. These have a dispersion ω ∼ √q.
This leads to a frational separation dependene in the
vdW range
4,6,7
; the interation potential (fore) varies as
d−5/2(d−7/2). In the Casimir limit the interation is the
same as for two perfetly reeting plates. If the disper-
sion of the normal modes of the sheets were dierent the
fores would have a dierent separation dependene in
the vdW range.
To summarize, there are dierent ways to inuene the
separation dependene of the dispersion fores between
objets. It depends on the shape of the objets, the ma-
terial the objets are made from and the properties of the
surrounding medium. In this work we are more drasti
and study a system where the fundamental interation
is not eletromagneti. We want to see if it is possible
to obtain an interation potential that varies with dis-
tane as 1/r, like the fundamental interation potentials
in eletromagnetism and gravity. In Se. II we intro-
due the basi assumptions, the formalism and notation.
Se. III is devoted to the derivation of the elds from a
dipole. These results are used as the starting point for
the derivation of the dispersion potential and fore in Se.
IV. Finally, in Se. V follows summary and disussions.
II. THEORETICAL BASIS
The dispersion fores between atoms have an eletro-
magneti origin where the fundamental interation is the
Coulomb interation between harged partiles, eletrons
and protons. We will in this work introdue hypothetial
partiles with a dierent fundamental interation poten-
tial. We make the basi assumptions that this interation
travels in vauum with the speed of light and that Ein-
stein's two postulates in speial relativity holds also for
this interation. We will then parallel the derivation of
the dispersion fores in eletromagnetism.
We have reasons to believe that any fundamental in-
teration potential should form losed lassial partile
orbits. There are only two entral fore elds where all
bound orbits are losed: one has the interation poten-
tial V ∼ −r−1 and the other has V ∼ r2. The seond
type is known as a harmoni osillator potential and is
our obvious hoie of andidate.
Our notation throughout this work is in analogy with
the eletromagneti ase. We put a tilde above the quan-
tities to distinguish them from the eletromagneti oun-
terparts. We assume that the partiles have harge ±q˜
and postulate that the eletri eld from a harge q˜ at
the origin is E˜ = q˜r. This gives the salar potential the
form ϕ˜ (r) = −q˜r2/2. This potential is without bounds.
This means that the partiles an never be found indi-
vidually; they are always in pairs. It takes an innite
energy to separate them ompletely. If we assume that
they are eah other's anti-partiles the pair will turn into
two pairs when one tries to separate them past a riti-
al distane. This type of interation leads to omposite
partiles that are neutral and have no diret interation;
dispersion interations due to utuations are possible.
To nd the eet from utuating eletri dipoles we
have to start with the eld from a dipole with dipole mo-
ment p˜ = q˜d. It is found to be E˜ (r) = −p˜. Thus the eld
from a dipole is just minus the dipole moment. There are
no quadrupole or higher order multi-pole ontributions as
opposed to in the ordinary eletromagneti theory. Fur-
thermore the eld has no spatial dependene. This holds
for any stati distribution of harges within the ompos-
ite partile  the eld laks spatial dependene. This
impliates that the only stati eld is a dipole eld and
this dipole eld is onstant throughout all spae, inde-
pendent of the position of the partiles. There are no
other multi-pole elds. This is very enouraging.
From Einstein's two postulates in speial relativity
follows that there has to be a magneti eld ompan-
ion to the eletri eld. Furthermore these two elds
obey the two homogeneous Maxwell's equations, ∇×E˜+
(1/c) ∂B˜
/
∂t = 0 and ∇·B˜ = 0. This means that we may
introdue salar and vetor potentials, ϕ˜ and A˜, respe-
tively, where B˜ = ∇× A˜ and E˜ = −∇ϕ˜− (1/c) ∂A˜
/
∂t,
all in omplete analogy with in eletromagnetism.
Now we have all we need for our derivations. We start
by determining, in the next setion, the elds from a
time-dependent eletri dipole.
III. FIELDS FROM A TIME-DEPENDENT
DIPOLE
In this setion we derive the elds from a time-
dependent dipole. We perform the derivation along the
lines used by Heald and Marion
8
on a Hertzian dipole at
the origin. We start with the retarded potentials,
ϕ˜ (r, t) = − 12
∫
d3r′ρ˜ (r′, t−R/c)R2;
A˜ (r, t) = 12c
∫
d3r′J˜ (r′, t−R/c)R2; R = r− r′, (6)
where ρ˜ and J˜ are the harge and urrent densities, re-
spetively. From the relations
B˜ = ∇× A˜
E˜ = −∇ϕ˜− 1
c
∂A˜
/
∂t
(7)
follow
E˜ (r, t) =
∫
V
(
[ρ˜]RRˆ− 12c
[
˙˜ρ
]
R2Rˆ −
[
˙˜
J
]
R2
2c2
)
dv′
= E˜1 (r, t) + E˜2 (r, t) + E˜3 (r, t) ;
B˜ (r, t) =
∫
V
(
−
[
J˜
]
× RˆR
c
+
[
˙˜
J
]
× Rˆ R22c2
)
dv′
= B˜1 (r, t) + B˜2 (r, t) ,
(8)
3where a dot means the time derivative and square brak-
ets that the funtion within the brakets is determined
at retarded times, t − r/c. We have hosen a spherial
oordinate system with its z-axis along p. We have used
the relations
∇ ([ρ˜]R2) = R2∇ [ρ˜] + [ρ˜]∇ (R2) ;
∇ [ρ˜] = [ ˙˜ρ]∇ (t− |r− r′|/c) = − 1
c
[
˙˜ρ
]
Rˆ;
∇×
([
J˜
]
R2
)
= R2∇×
[
J˜
]
−
[
J˜
]
×∇ (R2) ;
∇×
[
J˜
]
= −
[
˙˜
J
]
×∇ (t− |r− r′|/c) = 1
c
[
˙˜
J
]
× Rˆ.
(9)
Now, we apply these relations to a Hertzian dipole at the
origin pointing in the zˆ-diretion. We have
J˜dv′ → I˜dtzˆ → ˙˜p
d
d = ˙˜p and R→ r. (10)
This gives
E˜3 = − 12
(
r
c
)2 [¨˜p] ;
B˜1 = −
(
r
c
) [
˙˜p
]
× rˆ;
B˜2 =
1
2
(
r
c
)2 [¨˜p]× rˆ.
(11)
We study the two remaining elds on the axis of the
dipole and in the equatorial plane. From these we get
the elds in a general point. We start with the axis and
let ∆t = d/2c,
(
E˜1
)
ax
= [q˜ (t′ +∆t) (z − d/2)
−q˜ (t′ −∆t) (z + d/2)] zˆ
=
[(
[q˜] +
[
˙˜q
]
d
/
2c
)
(z − d/2)
− ([q˜]− [ ˙˜q] d/2c) (z + d/2)] zˆ
=
[(−d [q˜] + [ ˙˜q] zd/c)] zˆ
= − [p˜] +
[
˙˜p
]
z
c
,
(12)
and (
E˜2
)
ax
= − 12c
[
˙˜q (t′ +∆t) (z − d/2)2
− ˙˜q (t′ −∆t) (z + d/2)2
]
zˆ
= − 12c
[([
˙˜q
]
+
[
¨˜q
]
d/2c
) (
z2 − dz)
− ([ ˙˜q]− [ ¨˜q] d/2c) (z2 + dz)] zˆ
= − 12c
[[
˙˜q
]
(−2dz) + [ ¨˜q] dz2/c] zˆ
=
[
˙˜q
]
z
c
− 12
[
¨˜p
] (
z
c
)2
.
(13)
The elds in the equatorial plane are(
E˜1
)
eq
=
[
[q˜]
√
r2 + (d/2)
2
2(d/2)
/√
r2 + (d/2)
2
]
θˆ
= − [p˜] ,
(14)
and(
E˜2
)
eq
= − 12c
[[
˙˜q
] [
r2 + (d/2)
2
]
2(d/2)
/√
r2 + (d/2)2
]
θˆ → r2c
[
˙˜p
]
.
(15)
Now we get
E˜1 =
(− [p˜] + r
c
[
˙˜p
])
cos θrˆ +
[
˙˜p
]
sin θθˆ;
E˜2 =
(
r
c
[
˙˜p
]− 12 ( rc )2 [ ¨˜p]) cos θrˆ − 12 ( rc) [ ˙˜p] sin θθˆ;
E˜3 = − 12
(
r
c
)2 [ ¨˜p] cos θrˆ + 12 ( rc )2 [ ¨˜p] sin θθˆ,
(16)
and the total elds are
E˜ (r, t) =
{
− [p˜] + 2 (r
c
) [
˙˜p
]− ( r
c
)2 [ ¨˜p]} cos θrˆ
+
{
[p˜]− 12
(
r
c
) [
˙˜p
]
+ 12
(
r
c
)2 [ ¨˜p]} sin θθˆ;
B˜ (r, t) =
{
− ( r
c
) [
˙˜p
]
+ 12
(
r
c
)2 [ ¨˜p]} sin θϕˆ.
(17)
Now we have all we need to alulate the dispersion fores
between the omposite partiles. This we do in next se-
tion.
IV. DISPERSION POTENTIAL AND FORCE
We dene the polarizability, α˜, for a omposite par-
tile through: p˜ = α˜E˜. The dispersion interation be-
tween two partiles, 1 and 2, is found from realizing that
a polarization of partile 1 gives rise to an eletri eld
at the position of partile 2. This eld polarizes parti-
le 2, whih results in a eld at the position of partile
1. Closing this loop results in self-sustained elds  nor-
mal modes. We nd these in analogy with the treatment
of the two-atom system in the book: Surfae Modes in
Physis
4
.
We may reformulate the eletri eld from a time de-
pendent dipole as
E˜ (r, t) = (pˆ · rˆ) rˆ [−p˜ (t− r/c) + 2 (r
c
)
˙˜p (t− r/c)
− (r
c
)2 ¨˜p (t− r/c)]
+ [pˆ− (pˆ · rˆ) rˆ] [−p˜ (t− r/c)
+ 12
(
r
c
)
˙˜p (t− r/c)− 12
(
r
c
)2 ¨˜p (t− r/c)] ,
(18)
and its Fourier transform with respet to time beomes
E˜ (r, ω) = p˜ (ω) eiωr/c {(pˆ · rˆ) rˆ [−1 + 2 (−iωr/c)
+ (ωr/c)2
]
+ [pˆ− (pˆ · rˆ) rˆ] [−1
+ 12 (−iωr/c) + 12 (ωr/c)2
]}
.
(19)
On tensor form we may write
E˜ (r, ω) = eiωr/c
{
˜˜α
[
−1 + 2 (−iωr/c) + (ωr/c)2
]
+˜˜β
[
−1 + 12 (−iωr/c) + 12 (ωr/c)2
]}
p˜ (ω) ,
(20)
where the tensors are:
˜˜α = rµrν
/
r2; ˜˜β = δµν−rµrν
/
r2 =
˜˜I− ˜˜α. We let all tensors have double tildes to distinguish
them from our elds. Things beome very simple if we
hoose the third priniple axis to point along r. Then we
have
4˜˜α =

 0 0 00 0 0
0 0 1

 ; ˜˜β =

 1 0 00 1 0
0 0 0

 ,
and
˜˜α2 = ˜˜α; ˜˜β2 = ˜˜β; ˜˜α · ˜˜β = 0. If we now let
˜˜γ = eiωr/c
{
˜˜α
[
−1 + 2 (−iωr/c) + (ωr/c)2
]
+
˜˜
β
[
−1 + 12 (−iωr/c) + 12 (ωr/c)2
]}
,
(21)
we may set up the self-sustained elds between two po-
larizable partiles as
p˜2 (ω) = α˜2 (ω) E˜1 (r2, ω) = α˜2 (ω) ˜˜γp˜1 (ω) ;
p˜1 (ω) = α˜1 (ω) E˜2 (r1, ω) = α˜1 (ω) ˜˜γp˜2 (ω) ,
(22)
where E˜i (rj , ω) is the eletri eld at the position of
partile j aused by the polarized partile i . Eliminating
p2 gives
p˜1 (ω) = α˜1 (ω) ˜˜γα˜2 (ω) ˜˜γp˜1 (ω) = α˜1 (ω) α˜2 (ω) ˜˜γ
2p˜1 (ω) ,
(23)
where in the last step we have assumed that the polariz-
abilities are isotropi. Now, we have
˜˜Ap˜1 (ω) =
(
˜˜I − α˜1 (ω) α˜2 (ω) ˜˜γ2
)
p˜1 (ω) = 0. (24)
This system of equations has non-trivial solutions, the
normal modes, if
∣∣∣ ˜˜A∣∣∣ = 0. Now,
˜˜γ2 = ei2ωr/c
{
˜˜α
[
−1 + 2 (−iωr/c) + (ωr/c)2
]2
+˜˜β
[
−1 + 12 (−iωr/c) + 12 (ωr/c)2
]2}
,
(25)
and∣∣∣ ˜˜A (ω)∣∣∣ = {1− α˜1 (ω) α˜2 (ω) ei2ωr/c [−1 + 2 (−iωr/c)
+ (ωr/c)
2
]2}
× {1− α˜1 (ω) α˜2 (ω) ei2ωr/c
×
[
−1 + 12 (−iωr/c) + 12 (ωr/c)
2
]2}2
.
(26)
We will need the results on the imaginary frequeny
axis, i.e.,∣∣∣ ˜˜A (iω)∣∣∣ = {1− α˜1 (iω) α˜2 (iω) e−2|ω|r/c
×
[
−1 + 2 (|ω| r/c)− (ωr/c)2
]2
×{1− α˜1 (iω) α˜2 (iω) e−2|ω|r/c
×
[
−1 + 12 (|ω| r/c)− 12 (ωr/c)
2
]2}2
.
(27)
Now, the zero-point energy for the system of two inter-
ating partiles, r apart, relative the energy when they
are at innite separation is
V (r) =
1
2pii
∮
dz
(
~z
2
)
d
dz
ln
∣∣∣ ˜˜A (z)∣∣∣, (28)
where the integration is performed in the omplex fre-
queny plane around a ontour enlosing the positive part
of the real frequeny axis. This equation is obtained from
the generalized argument priniple
4
. With a standard
proedure
4
one arrives at an integral along the imaginary
frequeny axis, V (r) = (~/2pi)
∫∞
0
dω ln
∣∣∣ ˜˜A (iω)∣∣∣, and the
resulting interation potential is
V (r) = ~2pi
∞∫
0
dω ln
{[
1− α˜1 (iω) α˜2 (iω) e−2ωr/c
×
[
−1 + 2 (ωr/c)− (ωr/c)2
]2]
× [1− α˜1 (iω) α˜2 (iω) e−2ωr/c
×
[
−1 + 12 (ωr/c)− 12 (ωr/c)2
]2]2}
.
(29)
Expanding the logarithm, assuming that the polarizabil-
ities are very small, gives
V (r) = − ~4pi
∞∫
0
dωα˜1 (iω) α˜2 (iω) e
−2ωr/c [6− 12 (ωr/c)
+17 (ωr/c)
2 − 9 (ωr/c)3 + 3 (ωr/c)4
]
.
(30)
Two separation limits emerge, the van der Waals limit
for small separations, and the Casimir limit for large. In
the van der Waals limit we have
V (r) ≈ − (3~/2pi)
∞∫
0
dωα˜1 (iω) α˜2 (iω); r ≪ c/ω0,
(31)
where ω0 is some harateristi frequeny above whih
the polarizabilities are negligible. Note that the in-
teration potential laks an r-dependene in this range
and onsequently there is no fore. If we assume
that the harateristi frequenies are the same for the
two omposite partiles and that the so-alled London
approximation
1,2
, α˜ (iω) = α˜ (0)
/[
1 + (ω/ω0)
2
]
, may be
used for the polarizabilities the potential in the van der
Waals limit beomes V (r) = − (3/8) α˜1 (0) α˜2 (0)~ω0.
In the Casimir limit we have
V (r) = − (25~c/32pir) α˜1 (0) α˜2 (0) ; r≫ c/ω0, (32)
and the fore is
F (r) = − (25~c/32pir2) α˜1 (0) α˜2 (0) . (33)
Here, the potential has the 1/r-dependene that we
hoped for. The polarizability is unit less and very small.
A rough estimate of the transition point between the two
regions is found by equating the Casimir and van der
Waals potentials, using the London approximation for
the latter. Doing so one nds that rc ≈ (25c/12piω0).
Demanding that this is smaller that the losest possible
distane between the omposite partiles means that the
interation potential may have the 1/r-dependene at all
distanes.
5V. SUMMARY AND DISCUSSIONS
In summary, we have shown that hypothetial parti-
les with fundamental interation potential of harmoni
osillator type lead to retarded dispersion potentials be-
tween omposite partiles with the same spatial variation
as the gravitational potential and the Coulomb poten-
tial. Both these fundamental interations have serious
theoretial problems. In the Coulomb ase there is the
problem with the divergent energy in the elds from an
eletron if it is assumed to be a true point partile. The
present gravity theories have some problems too. One
very serious problem is that the graviton, the quantum
of the quantized gravitational eld has eluded detetion.
If one would ome to the onlusion that gravity is not a
fundamental interation after all the present work ould
ome handy.
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